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We review the evidence for existence of a magnetic field
of the galaxy and whatever evidence there is of an intergalactic magneto-
ionic medium. We then consider the magnetohydrodynamics (MHD) of such
a medium. The formation of galaxies through purely gravitational means
in an expanding universe is then reviewed. Next the role of magneto-
hydrodynamics in such a universe is analyzed for their effects on
galaxy formation. Finally, the importance of MED behavior in the early
universe is emphasized from physical considerations and from present day
evidence. Appendices discuss isotropic cosmologies, magnetic fields in





Statement of the Problem
A long outstanding problem of modern cosmology has been to account
for the tormation of structure within the universe on the largest scales.
While it is fairly well understood why stars have masses lying in a set
1
range (fixed essentially by the rates of nuclear reactions in their
cores), the formation of characteristic structures on larger scales
(globular clusters, galaxies, clusters of galaxies) remains an unsolved
problem. Whatever picture finally emerges must explain a great deal since
there exists a considerable spectrum of observed galactic morphological
detail. With galaxies, for example, there is a consistent feature in
that most large galaxies display either elliptical or disk-like internal
structures. The question that one would like to answer is whether such
regularities are due to specific initial conditions present as the galaxies
formed or if they stem from some evolutionary mechanism.
3-7
Recent attempts have been made to simulate and understand the
processes operating during the collapse phase of galaxy formation. While
these calculations have provided some understanding of the origin of
7 4
Internal structures of spirals and ellipticals , no consistent picture
has been developed to explain the apparent haphazard mix of these galaxies
present today. Also, the interpretation of these results in somewhat
difficult since some accounting must be made for evolution. It is expected
7
that evolutionary processes will effect ellipticities , chemical composition
5
gradients , and even the masses of galaxies, as large cluster galaxies
consume sma11,2r galaxies through collisions.
1
An alternative and more traditional approach has been to consider
the growth of small perturbations in Friedmann cosmological models
9
following the work of Lifshitz. These calculations involve small
fluctuations in density impressed on the overall expansion of the universe
and therefore are restricted to very early times before galaxies began to
recollapse. It is generally believed that some form of fluctuations must
have existed in the early universe. At first sight this may not seem to
be an unreasonable assumption to make, yet recent lines of evidence
appear to suggest that our universe is more regular than we have any right
10
to expect. The attempt of these calculations is to start with a
"reasonable" spectrum of initial perturbations and try to answer simpler
questions such as the expected masses of galaxies, their angular momenta,
and the epoch at which they stop expanding and collapse. While certain
10
constraints have been placed on the range of possible initial perturbations ,
no clear understanding has developed to explain the observed mass scales of
galaxies and clusters of galaxies. Reviews of the current status of these
11 1 1
attempts can be found in Gott , Rees , and Jones .
In most of the calculations discussed above the physics is restricted
to the self-gravity of the perturbations or collapsing clouds and the
thermodynamics of the gas and radiation. Suggestions have been made in the
12,14,15,16
past that other physical mechanisms such as magnetic fields
may have affected the formation process. Several calculations have been
7,1Y
made with this view in mind. An additional impetus for this approach
is to try and account for the existence of observed large scale interstellar
magnetic fields. The goals of the calculations presented in this thesis
are similar. Detailed growth rates are calculated for perturbations in
the early expansion as they interact with an assumed primordial magnetic
field. These are compared to corresponding growth rates due to gravity
and thermal effects alone. We discuss in the next section why a primordial
magnetic field might be a reasonable assumption.
Galactic Magnetic Fields
There is today compelling evidence for the existence of a pervasive





>1 - 5 x 10
-6 
gauss and that the field structure is ordered
21,22




pc. . This field is miniscule by terrestrial
standards, but within a diffuse, interstellar gas it has considerable
relative energy density and correspondingly, over the length scales involved,
a large total energy. As we shall see such a field strength may lead to
a significant dynamical effect. We review here the various lines of
evidence for an interstellar magnetic field.
The distribution of low energy cosmic rays is known to be highly
isotropic. If cosmic rays are produced by local galactic objects, their
distribution on the sky should display a marked anisotropy corresponding
to the concentration, presumably, of sources in the galactic plane. A
23
magnetic field would account for the isotropy of at least the low energy
cosmic rays, as these would spiral about the field within the Galaxy.
Secondly, the light from some stars exhibits a linear polarization.
24
This polarization can best be understood by scattering off of elongated,
magnetized dust grains aligned by their precession about a magnetic field.
The Zeeman influence on the 21 cm line of neutral hydrogen has been
25
observed in absorption lines from interstellar clouds. A magnetic field
produces a splitting of the absorption line with a width of Av = 2.8 B
(PG) H7 between the widest components. While this width is much smaller
than the thermal doppler broadening (- 2 x 10
4 
H7), and therefore the
Zeeman splitting of the states is not resolved, the widest components
of the triplet have opposite circular polarizations and their effect can
be seen in the wings of the absorption line. Fields of the order of
- 1 - 10
2 
uG have been observed in this manner.
23
Additionally, the galactic radio background can be accounted for
y an interstellar magnetic field. The spectrum of this radiation is
non-thermal and slightly polarized. Its properties can be understood by
the synchrotron emission of cosmic ray electrons gyrating about a field of
microgauss strength.
Finally, the emission from extragalactic radio sources is often
linearly polarized and the plane of polarization depends on the frequency
observed. Such a change in polarization can be explained by Faraday
26,27
rotation of the polarization plane due to free electrons spiraling
in a magnetic field along the line of sight. This would require a
component of the magnetic field in the radial direction and ordered over
28 29
large scales. Data from extragalactic sources indicate considerable
dependence of derived field strengths on galactic latitude, thus confirming
a contribution from a galactic magnetic field to the Faraday rotation.
The natural question that arises is how such a field came into existence.
30,31
Attempts to account for the galactic field by various dynamo processes
meet with extreme difficulty. An astrophysical plasma has a very high
conductivity and in most situations ohmic dissipation of the magnetic field
results in decay times enormously longer than the age of the universe.
31
The high conductivity correspondingly requires extremely large electric





It has been proposed by Zeldovich and Thorne that galactic fields
are the remnant of a primordial field created with the universe. Also,
34,5
Harrison has presented a dynamo model which generates a field during
the radiation-dominated era of the early universe. These ideas are not
without difficulties. Harrison's generator, while it does not depend on
the prior existence of a "seed field," builds up a field of only
-10
-16 
gauss, or potentially -10
-14
 gauss if the field is amplified by
differential rotation. The major disadvantage of the purely primordial
picture is its ad hoc nature. While assuming a primordially created
magnetic field does allow us to account for present galactic field strengths,
we really haven't solved anything since more complexity has been added to
the initial conditions. However, in defense of this idea, the situation
in the usual theories of galaxy formation is entirely analogous, since
turbulence or finite size perturbations must be assumed from the outset
in order to form galaxies. Present observations place limits on the
possible remnant intergalactic magnetic field strength, but as discussed
in Chapter V these do not rule out galactic fields arising primordially.
36
Another possibility is discussed by Doroshkevich et al. that the
magnetic fields in stars are spread across interstellar space by supernovae
explosions. This assumes that the required total energy of galactic
magnetic fields can be generated in stellar dynamos instead of in the
diffuse gas.
As mentioned before a magnetic field may be expected to exert a dynamical
influence on an astrophysical plasma. It is clear that a magnetic field
will accelerate charged species and these, through collisions, will pass
on the effect of the magnetic field to the neutral particles. We may
quickly work out the dominant condition determining the significance of
a magnetic field. In galaxy and star formation studies, gas pressure
becomes important compared to gravity when a collapsing object reaches
37
its "Jean's radius." This condition is roughly reached when the
internal energy density of the gas becomes comparable to the gravitational
potential energy density. If we consider a sphere of radius the thermal







where vs is the sound speed in the gas, . the mass density,
and G the gravitational constant. In complete analogy, a magnetic field
will be dynamically significant if its energy density, is comparable to





or when G, - . The term on the right is recognized to be essentially
87,
B2 11
the square of the Alfvin velocity of plasma oscillations, =
(,7) •
Another way of interpreting these conditions is given by the following.




_ (G.-) Then the above conditions give the minimum velocity
(Alfvin or acoustical) necessary for a disturbance to have time to cross
the length of the object. For a given fluid there is then a Jean's radius,
2
I , which is the maximum-sized object stable against collapse.
G,- 2




gas. Provided the magnetic field is sufficiently tangled (scale height<<\)













If the field is uniform on scales large compared to 1, the situation
Is more complicated as will be shown.
The importance of these considerations for the present state of
2 3
the galaxy is suggested by observations indicating the interstellar
turbulent energy density is - 1 eV cm
-3
, which is comparable to the
magnetic energy density of microgauss fields.
In this thesis, we will be concerned with the dynamical influence
of an assumed uniform primordial magnetic field on the early (linear)
phases of galaxy formation. As will be discussed in Chapter V, the
analysis is restricted to after the epoch of recombination (see Appendix I).
The effect of both a large scale ordered field and a tangled field are
considered in Chapter IV. The attempt in both .-7ases is to gain in
understanding of how galaxies might have formed with the hope that more
is gained than lost by relegating the magnetic field to initial conditions.
In Chapter II, the magnetohydrodynamic equations are formulated and
discussed. Chapter III is a review of the instability model of galaxy
formation involving pressure and gravity only, with which the magneto-
hydrodynamic (MHD) results will be compared. Chapter V discusses the
advantages and limitations in a MHD approach. The details of the thesis
calculations are given in Appendix II, and a review of some aspects of
standard, hot big-bang cosmology are presented in Appendix I.
CHAPTER II
MAGNETOHYDRODYNAMICS
We develop here the important magnetohydrodynamical (MHD) effects for
a plasma with the properties in existence during the early universe after
the onset of the matter-dominated era (see Appendix I). The plasma is





7 x B = --J + - —
C- c 3t
E = (I1.1,2)
V B = 0 , (11.3,4)
which are written here in Gaussian units. Consider in addition to E and
B, a fluid with velocity field v(r,t). Then a Lorentz transformation
gives the fields E' amd B' measured in the frame at rest with the fluid,
E' = y(E +1 vx B)
c





where y = (1 - 11--p . In all that follows, we will assume that the
motions are nonrelatiyistic and neglect all higher corrections in powers
of ; thus ,f = 1. Maxwell's equations must be examined to determine
the scaling of various terms.
It will be assumed that all fluid and electromagnetic variables have
the characteristic length and time scales 2. and T. Thus derivatives of
-1
these quantities will scale like I-2-! - - T and v =
ar
is the characteristic bulk velocity of the fluid. From equation (II.1),
the E- and B- fields are related in magnitude by 
B or E
t CT
ExLminiag the expressions (11.5,6) for the fields in the fluid rest
frame, these become to lowest order,





In this frame, the field E' will drive a current. Adopting the simplest




where o is the low frequency, or DC, conductivity.
(I1.9)
An additional simplification can be obtained in Maxwell's equations.






displacement current term has magnitude, —
E - -y and is
CT C - T
thus a relativistic correction in MHD. We neglect this term and in effect
eliminate from consideration radiation emission.
Operating on the Ohm's law (II.9) with the curl operator yields
or using 7 • B = 0,
3B c
2










This is often termed the fundamental equation of MHD as it computes
the time rate of change of B totally in terms of the fluid velocity v
and the magnetic field itself.
Consider only the second term in this "induction" equation for B;
that is,
_  c2 72B
3t - 47o •
This is precisely a diffusion equation for B like that encountered in
thermodynamics for heat transport. If this equation is resolved into
normal modes (Fourier space transform), the time dependence of these
modes are decaying exponentials. The slowest decay rate is that of the
longest mode (lowest wavenumber) and gives a time dependence
c
2




The diffusion of the field just represents the loss of magnetic energy
as the fluid is ohmicly heated, due tc the finite conductivity a.
If the conductivity and/or the fluid scale height are sufficiently
large, the dissipation of the field will be negligible throughout any
conceivable time span. A convenient dimensionless measure of the
importance of diffusion is the magnetic Reynolds number. The quantity
38
nm — resembles the role of the kinematic viscosity of viscous4ro
hydrodynamics and, in analogy with hydrodynamics, the magnetic Reynolds
number, Rm = Li , is defined similarly to the viscous Reynolds number.hm
In terms of the magnetic Reynolds number, the decay of the field goes
as B
(2) 
exp (- from (II.12). Thus, if R ',>1, the fluid may
m'
undergo motion for -Rm times the characteristic time T before suffering
significant dissipation.
We now estimate the order of magnitude of a typical astrophysical
Reynolds number. Pick for example the epoch at which the redshift was
Z 10 (see Appendix I). Since the microwave radiation is roughly
2.7 K today, the temperature then would have been T r. 270 K. Assuming
H
o 50 km s
-1 K:.c.-1 (for the present expansion rate of the universe)
and = 0.1 (for the density see Appendix I), the particle number density
39
would be n = 1 cm-3. Peebles has calculated the residual ionization
10
fraction and gives Ne = 10-4 at this epoch and for the above model. This
implies an electron (ion) number density of re 10-4 cm-3. The electron
thermal velocity at this temperature is of order (I)11 a 6 x 106 cm s-1.
me
We take as an electron-neutral collision cross section oe x 10-15 cm-.7
This gives a collision rate veo noaoe(ii;)
collision frequency the conductivity is roughly,
mev-eo
and therefore the "viscosity" is of order r 108 cm2s-1. Now the mass
3 x 10




, 12 -10 sec
density at this epoch is roughly = 1.6 x 10
-24 gm cm-3. We use this
4
density to calculate the free fall time scale and with the estimate of
500pc a 10
21 
cm for the size of a protcgalaxy at this epoch, a fluid
velocity of order \,
(Go) -1/2 - 3
x 105 cms-1 will he adopted. These estimates
then yield a truly enormous Reynolds number of order R. - 1018.
therefore entirely neglect ohmic dissipation.
The induction equation is then given by
= --7x (v x B) .
We will
This equation expresses the change in B induced by shear, rotation, and
expansion of the fluid. In fact, the field lines are precisely dragged along
by the motion of the plasma and one says that the field is "frozen-in" the
plasma. To see this consider a surface, ., pierced by field lines and
surrounded by a closed curve, C, which moves with the fluid (see Figure 1).

















by Gauss' Law and equation (I1.13). Neglecting dissipation, the number of
field lines cutting a surface is constant as the surface moves with the fluid.
II
Figure 1. Surface E surrounded by closed curve C. pierced by
field lines B, moving (and possibly expanding) at
velocity v with the fluid: (a) at time t
1 
and (b)
at a later time t2. Note fixed coordinate markers
1, 2, 3, 4, 5, 6.
12

The effect of fluid motion on the magnetic field has been calculated.
We now ask how the magnetic field, and other effects, drive the fluid.
The magnetic field alone exerts a force density on the fluid on
1
Recalling equation (1I.3), this force can be expressed solely in terns
of the magnetic field,
1
F = --(V x B) x B .
-m 4r -
Assuming a fluid acted upon by this force in addition to a pressure and
a gravitational acceleration, the Euler momentum equation will be
_1 1
-5T Y • YY = + g + (v x B) x 1_30 - 411c
where is the mass density of the fluid, g is the gravitational acceleration,
and p is the pressure. The mass density will satisfy a continuity relation,
30
•at + v) = 0 •
These two equations, along with the induction equation
713
t x B) , (II.13)
and supplemented by 1) an equation of state p = p), 2) the field equations
for the gravitational field: • g = -4,q; and 7 x g = 0, and 3) the
initial constraint • • B = 0 on the magnetic field, provide a close t 2f
equations for our self-gravitating MHD.
The instabilities expected from these fluid-field interactions are
exhibited in Figure 2. All would contribute to galaxy formation and
angular momentum.
Figure 2. Plasma instabilities applicable here: (a) Pinch instability,
with p density growth at the pinch (and possibly V1 flow along
the field lines), associated with collapse and Ampere forces,
due to the perturbation current j1. (b) Hose instability, with
velocity growth VI amd V2 and shearing motions (w V ), associated





Vi, and V2. (c) Sausage instability,
with shearing motions 6 V , magnetic perturbations 6b, and
(u v) 
1 
slight velocity perturbations V2 and V , associated with shear,
3
collapse, and to a smaller degree Ampere forces, due to magnetic
perturbations b and b3. (d) Kink instability, with velocity
perturbationsVandV.(and slight shearing motions 3 V ,
1 2 v)
associated with Ampere forces (and somewhat the fluid shear, due
to magnetic perturbation b3. Arrows indicate the direction of




EINSTEIN-DESITTER MODEL AND THE
GRAVITATIONAL INSTABILITY PICTURE
In this chapter the standard postrecombinaticn gravitational instability
theory of galaxy formation is reviewed. To calculate the growth of density
inhomogeneities during early epochs, we must account for the overall
expansion of the fluid. To this end, the flat Einstein-deSitter model is
utilized as the background solution for our perturbation analysis (see
Appendix I for details on the Einstein-deSitter model). The Einstein-
deSitter model is a special case of the homogeneous, isotropic Friedmann
16,37
models, yet it is an excellent approximation for all of the isotropic
models during the early epochs (this is explicitly shown in Appendix I).
The mass density is taken to be a function of time only, c2(t), and the
distance, r, between fluid elements is proportional to a scale factor, R(t).
Since this is a homogeneous expansion, for velocities small compared to the
speed of light, c, the velocity of adjacent fluid elements is given by
where dot refers to the time derivative. The quantity — is the fractional
rate of change of scale and if measured at the present epoch gives the local
Hubble flow, v = 11(t ) r = H r, with H Hubble's constant.
R o o o
As discussed in Appendix I, during the nonrelativistic (matter-
dominated) era the mass density, scales like R
-3 
or in terms of values




o(t) = k--94 .
o R
The Einstein equation (A.I.2) for the Einstein-deSitter model is:
• 2 R3
(1 1_ 8'C 8rG, 0 (.$)
4t) 3 3 o R
(ITT. 3)
R(t) can be regarded as dimensionless and the above equation integrates




again gives o = (6nGt
2 
) for the density, where t is measured relative to
the time when R = o.
41
It should be noted that in a homogeneous, isotropic model, that on




this expansion is identical to the expansion of a finite homogeneous fluid








for the acceleration of a fluid element at r relative to any chosen origin
at rest in the fluid.
From 11 
2= for the expansion, equation (II1.1) can be rewritten asR 3t
v = r , and it is apparent that the expansion never comes to a complete
halt, though any fluid element will have vanishing velocity at infinity.
The Einstein-deSitter model is equivalent to a fluid having exactly "escape
velocity" in the sense of Newtonian celestial mechanics.
With no magnetic field or pressure gradients, the solution represented
by equations (III.1-4) satisfies the hydrodynamic equations (11.1506) and
provides our background about which to study perturbations.




:(r,t) = o(t) + ol(r,t) = o
o 
( (1 + 6(r,t)), (III.5)
where the "density contrast" 5(r,t) =  is assumed small. Similar
0(t)
perturbations with spatial dependence are assumed in the other fluid
quantities. To evaluate them, we linearize the hydrodynamic equations
(11.15,16) about the background solution:
• R 3•
0 + 3- 0 + 0 y vi + l!-(r • 4)01 = 0,1Rlo
1 (R'v + -v + V)v = g - 70 ,1
o o
• g = -471TM
-1 1
V x g = 0 (111.8,9)
where there can be a gradient in the pressure perturbation.
To solve these equations they are Fourier analyzed in comoving




pl(r,t) - ,(k ,t) exp (i k • r -) d3k , (II1.10)
with corresponding integrals for yi, and Di. Equation (III.10) has
incorporated in the exponential the effect the expansion has on lengthening
the wavelength of a disturbance (perturbation). With this transformation,
the above equations become ordinary differential equations in time for
the Fourier amplitudes, c i(ko,t), yi(ko,t), etc.
In the directions perpendicular to the wave vector, k the velocity
-0
37 -1
amplitude is found to vary as vl R t . Thus Rv
I 
= constant,
and this is the expression of conservation of angular momentum.
To consider the compressional modes, the perturbation in pressure,
n'1 
is derived from a perturbation in density by
N.) (III.11)
where is the sound speed. This point is discussed in more detail in




where ) is the ratio of specific heats and an adiabatic equation of state
is assumed. With equations (111.6-9) and the time dependence
above for the equation of state (III.11), the following equation is derived
for the Fourier transform of the density contrast:
',
+ ) + S2(0)
2 
-2
0 t7 _ 2t-2
7-o 3t - 1-
(6 f,, 0)1 7
where 
vs(o), ko
, are the values at to.
In the simple zero pressure case, equation (III.12) becomes




6(k ) = o (III.13)
3t2 -°
and has a growing and decaying solution
1
6 (k t) =+ _0, (111.14,15)
Both of these solutions are independent of the wavevector k and have
the immediate transform
2 -1
(r,t) = A(r)t7 + B(r)t
where A(r) and B(r) are arbitrary functions.
(III.16)
The solution of the full equation (III.12) including pressure is more
3742







for ,f = .4 is a power law, 6 a CI, where
. + 5(1 _ 36 A2)1
6 — Z. 25
(III.17)
For 1, these solutions go over to those of the previous case,
2 -1
t . For : .>1 the solutions are damped oscillations of the
-1
form 6 t cos(Aln t).
In the case of y = the solutions are liessel functions of order
3
42,37
and can be written
5
2
. 6 (.1_ - 1)sin s - 2 cos s ,
1 ss2
(1 - COS S - -1 sin s , (III.18)
2 sS
1 _1
where s E 3At0It . There is again a demarcation dependent on for
early times, , the solutions are damped oscillations; at later times,





The separation between oscillatory motion and the monotonic growth and




is the wavelength and
therefore size of the perturbation, corresponds to the Jeans condition
(I.1) discussed in the Introduction. Thus large wavelength disturbances
are unaffected by pressure and are free to grow while small wavelength
perturbations oscillate like sound waves.
We will now examine how this matter-dominated era instability picture
is altered by the presence of a cosmic magnetic field.
CHAPTER IV
MAGNETOHYDRODYNAMICS IN GALAXY FORMATION
We examine two possibilities for magnetohydrodynamic (MI-ID) interaction
during the growth of proto-galactic perturbations. The approach taken in
this thesis assumes a primordial magnetic field which is well ordered on
scales much larger than tnat of the proto-galaxies; the idealization is
that of a perfectly homogeneous and unidirectional initial field. It is
clear from symmetry that the current density is everywhere zero. The MHD
forces arise from the distortion of this geometry due to the growth of
perturbations. We analyze how these new forces affect the growth of
perturbations. We analyze how these new forces affect the growth rates of
perturbations on various scales.
While the J x B force is assumed to vanish in the unperturbed model,
one might nonetheless be concerned about the tendency of the anisotropic
magnetic pressure to shear the fluid away from an initially isotropic
expansion. It is argued later in this chapter that such shearing is
dependent on the strength of the magnetic field and that for all field
strengths considered in this thesis the effect is negligible.
I 8
We next examine work done by Wasserman in which a highly tangled
primordial magnetic field is assumed. The force density from such a
field can be large, depending on the initial r.m.s. field strength and the
scale length. The field will attempt to straighten, thus pushing matter
out of regions in which the field was strongest initially and into regions
where the field reverses on itself. Neglecting dissipation processes
(drifts and ohmic losses) the magnetic field will be coupled to the matter
4/3
adiabatically, i.e., B- a P
In both models we will want to consider the time change of the magnetic
field as it expands with the universe. For a completely homogeneous,
1
isotropic expansion, the flux density will be inversely proportional to
the coordinate area of a fluid element. This is the same argument as
was made in Chapter II in proving flux-freezing. Thus, B R 2 and during
the matter-dominated era with equation (III.2) this implies the result
14
B2 7 given above.
Effect of an Ordered Field
Tu consider the effect of a large ordered field, we will use the above
time dependence as the unperturbed behavior of the magnetic field:
2
(Ro)B(t) B (1'11) = B e
-o R o R -B
where e is the unit vector in the direction of the field and B is the
field strength at some chosen time. Equations (11.13,15,16) are now
linearized about the unperturbed solution given by equations (111.1,2,4)
and the new result (IV.1) and supplemented by the perturbed constraint,
• B = o, where B
-1 
(r t) represents the perturbation in the magnetic field.
-1 
The complete set of perturbation equations are derived and exhibited in
Appendix II.
As before, these equations are Fourier transformed as in equation
(I1I.10), but now the solutions will display a dependence on the orientation
of k relative to the direction of the magnetic field. The equations can
-o
be resolved into components along the wavevector, ko, along the magnetic
field, e and along the direction perpendicular to these, e . The
perturbations in the (1) direction uncouple from the rest and can be
written in terms of the velocity in this direction, or better, in terms
















and called tne magnetic Jeans parameter. Here = costp is the direction
cosine for the angle between the directions ko and Bo.
Equation (IV.2) contains the analogs of the rotational modes given
before in Chapter III, but now the modes are no longer free of torques.
The solutions to (IV.2) are given by
(t) tu(71) where a 1(1 + n2) .
01) (t) 6 —
(IV.4)
We examine in detail two limiting cases: n2<<1 and n2>=1. For
which corresponds to high wavenumbers (short wavelengths), we find to
lowest order that (IV.4) reduces to,
E2
1
a tF, cos(46n lnt)
1
1
a t sin(-n lnt)
and
(IV.5)
and are thus decaying oscillatory modes of the transverse velocity with
a frequency shift as the expansion proceeds. Summing over modes these
give an Alfvin wave with two polarizations propagating along the field
4
lines.





from expanding in n-. The growing mode, E , implies V a t7•
-2
as compared to the decaying solution from the nonmagnetic case, V a t 3.
This can be interpreted as the magnetic field "storing up" angular momentum
and releasing it to the perturbation as it untwists.
2 4
A clear demarcation in the qualitative behavior of the solutions
occurs at - 1. From equation (IV.3) this is equivalent to the
argument given in Chapter I with the wav.2Iength given by (I.3), provided
0(1). We note now that from the scalings, B a R-2, p or R-3, and
k R that the magnetic Jeans parameter, -
2
, is time independent.
Thus, if the magnetic field is dynamically significant at one time, it
remains so throughout the motion, for that mode.
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where B is the component of B in the B direction. Here both the
1(B) -1 -o
magnetic field and the gas pressure affect the growth of perturbations.
The general solution of (IV. 7,8) for arbitrary ) has not been
obtained. Nonetheless, solutions can be obtained for important values of
The details of these solutions are contained in Appendix II; we
present here a discussion of their limiting behavior. For -,, = o,





















cc t 6 sin ei),T. Itjn 
and are clearly oscillatory while is strictly
3 4 1
decaying. The interesting behavior is in 62 since this mode is growing
for every angle except precisely , = -77 at which it has fixed amplitude.
Thus, we see that the magnetic field alone does not inhibit collapse
completely, but merely causes the collapse to slow and become anisotropic.
2
The maximum growth rate occurs for = e and gives .',2(tP=o) = t7.













with no surprises here. and • are the usual solutions (111.14,15)
3 4
slightly altered by the magnetic field. In addition the field gives rise
to two more decaying modes. We thus can see that there are no growing
modes under = 0
1
with growth rates greater than =.
3
The complete solutions for the f
4 5. and v= cases are given in
Appendix II. While these are somewhat complicated, it is shown that at
long times or in the limit a that these solutions go over to the
.3)
= 0 (zero pressure) solution. In the large wavelength (n2<<l) limit
these solutions are essentially three decaying modes and the one solution
with a growth rate The corrections in this case are of order n2.
3
Since we will be only interested in situations where the effect of the
magnetic field is larger than the gas pressure, i.e. say -(4)---!;, then
corrections due to the pressure are of even higher order. Thus the
pressure essentially does not appear in this limit (T-12 1).
,In the short wavelength limit (n2
 
>l), the y = o solutions are one
decaying mode, two oscillatory modes, and one growing mode. We would
expect the weak gas pressure to have little effect on these solutions also,
except in case of small angles of where the effect of the magnetic field
disappears in the y = o case. This should alter the growing mode signifi-
cantly in the small angle limit.
4
We examine the Y = 3 case first. These solutions are given by equations




>>1) for o. This
gives the growth rate of the axial mode. To lowest order,
2p
1 






for the expansion of (A.II.32). (IV. 18) gives again the two oscillatory
modes, (IV.11,12). With (IV.17), the other two solutions become,
/ 36 2





-6(1 - 5 - --025 4 216
2 
t ("i")
in place of equations (IV.9,10). As might be expected, (IV.19,20) are
4
identical to (III.17) for the y = -- nonmagnetic analysis = o ).3
5
Now consider the y - -3 case in the limit 1;.. = o. We again examine how
the one growing mode is altered by the pressure. The growing mode corresponds















and with (IV. 21) this solution is the half-integral Bessel function
discussed before in equation (1.11.18). Thus, provided sl (early times)
the solutions all become oscillatory.
We thus conclude the following. A homogeneous, unidirectional magnetic
field alters the growth rates of perturbations. There are no growing modes
2 2with growth rate faster than 7 and the growth rate is -I only in the limit
of vanishing magnetic field. The magnetic field does not halt the collapse
of perturbations on any scale, except the trivial case of kp = 11. However.
2
its effect is to alter the collapse rate with an angular dependence. An
initially spherical perturbation would collapse in an anisotropic manner,
becoming more flattened along the direction of the magnetic field. When
pressure is included, the collapse can halt on much smaller scales. IL
is interesting to speculate that magnetic fields may have had a part in
the development of flattened structures such as disk galaxies. The behavior
of the growth rates over a wide range of n are shown in Figure 3.
Shearing of the Model 
It was mentioned earlier in this chapter that an isotropic model might
be an incorrect framework in which to consider a magnetic field due to the
inherent anisotropy of the field. With a homogeneous, unidirectional magnetic
field,VxE= o, and theJxBforce vanishes. Therefore, the magnetic
field dces not appear in the Euler equation (II.15) and the isotropic expansion,
(III.1), satisfies this equation. However, the magnetic field will appear in
33,43
a correct relativistic treatment as an additional source in the Einstein
82
equations since i= is an energy density just as oc2 is the energy density
contribution from the matter. Nonetheless, the magnetic pressure is anisotropic
Figure 3. Growth rates for various values of '2 in the case = 0.
Some of these are complex and thus oscillatory. The real and
imaginary parts are plotted together in each of the two separate
graphs for (a) K. = 1, (b) 12. = 0.707, and (2 = 0. These are
angles between R and T: of (a) 0°, (b) 45', and (c) 90°. Upper
part in each is the real, while lower is the imaginary part of
the growth rate n(in ' t ) as a function of log m where
m = K t (B 
2
/. )' = sec.. Note the dominance of the oscillatoryoo o o





and the solutions to the Einstein equations are not the Friedmann models.
3 4 41
Thorne and Jacobs have derived "flat" solutions to the Einstein
equations with a magnetic field. These have an expansion rate that is
different in the direction of the magnetic field as compared to the rate
in the transverse directions. Imagine the expansion is nearly isotropic
at some time. One can intuitively see the effect of the magnetic field;
the "tension" in the field lines will tend to decelerate the expansion in
the longitudinal direction and the transverse pressure will accelerate the
expansion in the perpendicular directions.





for the scaling of the energy density of the magnetic field. For
-3
nonrelativistic matter, 0 R , so the magnetic energy is relatively more
important at early epochs. As discussed in Appendix I, at sufficiently
early times the energy density of radiation dominates and thus R
-4
.
Therefore, for a nearly isotropic expansion during the radiation-dominated
era, the ratio of magnetic energy density to matter energy density,
= 
B2 
, is a constant. If is small, the shear is a perturbation of
87;:c4
this order compared to the expansion rate.
From the discussion in Appendix I, the energy density in radiation at
the recombination epoch is calculated to be
R
c2 0.5 erg cm-3 . As will
be noted later in this Chapter, for MHD-galaxy formation a field strength
of the order of B 10-3 gauss at recombination is compatible with present
observations of galactic field strengths. This implies an energy density,
p
B
c2 = 4 x 10-8 ergs cm-3, and gives c 10-7. Since the expansion was
44
highly isotropic at the recombination epoch, the shear produced by the
fields considered in this thesis after recombination will be negligible.
33
Wasserman's Model
Other quantitative efforts have been attempted. Ruzmaikina and
7
Ruamaikin have reported an analysis similar to that considered above.
3 ,
Also, Harrison has considered some aspects of the effect of a primordial
field on galaxy formation. The most encouraging attempt, however, at tying
together many aspects of present galactic structure with a magnetic formation
process is found in Wasserman.
Wasserman also assumes the existence of a primordial magnetic field,
though one which is highly tangled. His attempt is to account simultaneously
for galactic magnetic fields and galactic angular momentum in a model which
utilizes the magnetic field in the formation process. By making several
simplifying assumptions, he is able to derive equations and their solutions for
density and velocity perturbations growing under the action of the magnetic
field and gravity. Gas pressure is neglected since the Jean's length is very
small after recombination. A key assumption is that the magnetic field is
tangled with a scale length, rc, that is the radius of a volume containing
the mass of a typical galaxy. There is only one input into the model; the
time, t
c
, at which protogalaxies reach the nonlinear regime with 1 and
begin to collapse. With an estimated value for t
c
, the model is able to
produce r.m.s. values for galactic magnetic field strengths and galactic
angular momenta remarkably close to observed values.
In addition, the model produces galaxies with no initial perturbations
at the epoch of recombination.
As before, we start with the MHD equations, though now written in





Vv) = + (4R)'( x x B,




V B = o





where R is the scale factor and R and . are given by the Einstein-
deSitter model.
If B is a function of position as well as time, then the equations
are highly nonlinear. When the field is in the radiation dominated plasma,
it is assumed to be frozen into its spatial dependence with only the
amplitude decaying during the expansion. In such a case, the space and time
dependencies separate too,
Ro 2
B(r,t) B (r) • .
- o
(1V.28)
It is clear that after recombination the field is free to straighten and
the time dependence is more complicated. Wasserman assumes, however, that
to "zeroth" order the field behaves as in (IV.28) after recombination. With
this assumption, the MUD equations simplify.
The magnetic field is taken to have a spatial dependence at recombination
of B (r). Then at other times,-rec -
'Rrec 2B(r,t) = B (rY .
..ree 'R(t)-
(IV.29)
One can now rewrite equations (IV.23-27) for the evolution of the density
contrast 6(r,t) and vorticity, 6), defined by
4,(r,t) = R-1V x v
These are given by






• 4 (t)2 _w + — w r----1 x c
3t







The magnetic field provides driving terms for the growth of perturbations
in density and verticity. One can therefore assume vanishing perturbations
at recombination and obtain solutions,







= 3t V x
7 






Wasserman assumes that the power spectrum of Brec(r) is strongly peaked








where M is the mass of a typical galaxy. Thus V and V x mainly
contribute to the growth of perturbations on the length scale of r . These









Then it is clear that by assuming a time at which - 1, equations
(IV.33) and (IV.36) can be used to derive the aagnetic field strength
necessary at recombination to drive the perturbations to collapse at this
time, t .
At this time, the vorticity will have the value, iw(tc)' and the
angular momentum of the forming galaxy will be roughly
J
G 






Additionally, provided flux is conserved and there are no drifts,
the field that is dragged down with the collapse is given by







where is the density of a typical galaxy during the present epoch. By
the same argument, since the present intergalactic matter density must be
less than the average density of the universe, the present intergalactic
magnetic field strength will be
2½ 2 1/2 [ P(to)  ]
cBIG> "B 3 
(IV.39)rec p(t )
rec -
where to is the time of the present epoch.




G depend only on M t 
rec 
, and t . Using >- c
3° 2h2 gm cm-3(h _ H° kms-1 4:_c-1'(tc)  = 5 x 10- ) and a present black-body
50
temperature of T = 2.7 K, we have determined the cosmological model and
need only specify the values of M
G 
and t to derive the results of this
c
magnetic model.
Wasserman uses a value by Heidmann for t of t
c 
108 years and a
galactic mass of M.. 1.4 x 10
11 
M . An additional input is an estimate
-3
of the present density of the galaxy, - 10
-24 
gm cm . With these values,
one derives from equations (IV.33), (IV.35) and (IV.36) that
<B 2--11 - 2.5 x 10-3 (0h2)1/2rec gauss and from this and (IV.39) that
< 2.5 x 10-9(0h2)1/2 gauss. Using (1V.34) and (1V.37) for J and
IG
using (IV.38) for Bc gives
_1









- 2 x 10-62 ) gauss.
We compare this angular momentum value to a value derived by
47










and a value by Heidmann for spiral
galaxies of







The derived B strength is in line with the observed values stated in
the Introduction. The model thus achieves striking agreement with a




Calculations have been presented showing some possible effects a
magnetic field could have had on galaxy formation during the early expansion
of the universe. A primordial magnetic field is assumed to exist, at least
by the epoch of recombination. The calculation presented in this thesis
assumes the field structure is well ordered on scales large compared to
proto-galaxies. The results have a qualitative similarity to those
46
presented in Fermi and Chandrasekhar , where perturbations in a static 
magnetic-gas system are considered. In addition, we have discussed another
lb
MHD-galaxy formation model due to Wasserman in which the field structure
is tangled on length scales comparable to the size of proto-galaxies.
Both of these calculations were restricted to the matter-dominated
era. This first of all avoids the necessity of a complicated relativistic
calculation, since in the radiation era, p = .;0c and the sound velocity
is us = 41c. Secondly, it is expected that the magnetic field would be
frozen in a fixed configuration during the radiation era as the Thompson
16
drag on the charged particled would tend to oppose accelerations by the
field.
The uniform field model gives an easy picture for the development of
flattened structures. These arise because the field only slows the collapse
of perturbations and is more effective in the transverse directions than in
the longitudinal direction. Also, this model alters the rate of decay of
peculiar velocities as can be seen from equation (IV.6). In the non-
magnetic perturbation calculation, the velocities scale like a So
the vorticity drops off as R
-2
. Equation (IV.6) gives on the other
_3
hand, w R 
7
, a slower decay rate. It is generally believed that the




velocity but rather arose from tidal torques experienced by highly
asymmetric proto-galaxies when - 1. The reason why velocity perturbations
cannot account for galactic angular momentum is illustrated by the following
order of magnitude calculation. Assume that galactic vorticity did derive
from velocity perturbations. lake the present vorticity to be of order
w
o 
- (2 x 108 yr)-1 = 2 x 10-16 s-1. Assuming that galaxies formed at
Z = 15, then since recombination occurs at Z 1.5 x 103, the expansion
ratio is approximately 10
2 between these two epochs. With no magnetic
field, the vorticity scales like w R
-2 and this implies a vorticity at
recombination of w - 2 x 10
-12 s
-1
. The problem lies in the fact that
rec 
the age of the universe at this epoch is t rec 
= 2 x 10
13 
sec, and therefore




by this epoch. The fluid motions must really be considered turbulent under
such conditions and if similar motions existed on large scales, there would
be considerable anisotropy in the microwave background.
The magnetic model helps to a certain extent since the vorticity would
3 --13
decay like w R-: and therefore imply only w
rec 
- 2 x io 
s-1 at
recombination. Nonetheless, the eddies would turn over roughly 4 times
and the difficulty still remains, though to a lesser extent.
If Wasserman's model can be believed, there are very clear advantages
since his calculation gives remarkable order of magnitude agreement.
However, the results of this calculation may be suspect on several grounds.
The first is the additional ad hoc assumption of a sharply peaked power
spectrum for the field structure, Br (r). But more importantly is thatec -
the calculation is fundamentally inconsistent since the back-reaction of
the fluid motions on the magnetic field is neglected. It is likely that
these motions would quickly disperse power into other wavenumbers, thus
reducing the driving strength on the length scale desired. Wasserman no
doubt proceeds in this manner since to do otherwise leads to an intractable
problem. It is not clear what would be the effect of the additional non-
linearity. This calculation does, however, provide a good starting point
in understanding the difficult problem of a tangled field.
There are several negative aspects to considering a well ordered
field structure, also. Again, in order to calculate specific growth rates,
the field is assumed to have a special structure. Also, because the
perturbation grows by slipping down the field lines, the magnetic field
tends to drift out of the collapsing matter. In Wasserman's calculation
drift was assumed to be negligible and it was found that, to achieve






- 2.5 x 10 '(llh ) gauss. If drift is important, then a larger
rec
field at recombination must be postulated to give observed galactic fields.
Observational constraints have been placed on possible extragalactic
magnetic fields by the Faraday effect and limits on the radio back-
ground. Limits from the Faraday rotation of polarization of extragalactic
sources are of the order 5 x 10
-8 
gauss depending on the scale length of
the magnetic field. Limits from measurements of a diffuse radio background
gives 
<B1G 
2> 2 x 10
-8 gauss. These do not rule out the formation of
galactic magnetic fields from a primordial remnant.
We conclude that until an interstellar dynamo theory is devised to
account for galactic magnetic fields, the primordial field assumption
remains a viable alternative and in view of the energy densities involved
such a view will imply a dynamic effect on galaxy formation.
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APPENDIX I
HOMOGENEOUS ISOTROPIC COSMOLOGICAL MODELS
In order to derive from the Einstein equations for gravity a model
for the dynamical behavior of the universe as a whole, simplifying
assumptions must be made. The simplest condition that can be placed on
these equations is that the model admit a coordinate system in which the
gross features (mass density, temperature, etc.) of the universe are locally
the same at all points of space at a common time. In addition to this
homogeneity condition, we may require that each observer at rest relative
to this homogeneous distribution of matter view properties from other
locations which are independent of direction. This would include, in
particular, the expansion of the fluid about each observer and the
distribution of objects and radiation on the sky. In fact, this isotropy
51
assumption is sufficient in itself to guarantee homogeneity.
There is good observational evidence that the universe is highly
R,
isotropic about our location from the redshifts of galaxies and the
44 10,53microwave background radiation. Also, there is indirect evidence
that the expansion was isotropic even at very early times (1 second after
the start of expansion) when densities and temperatures were high. Taking
the Copernican view that we do not occupy a preferred location, it follows
that the universe is homogeneous, at least on the largest scales. Further
54observational details can be found in the discussion by Longair and Rees.
From the above considerations, it is necessary to consider the evolution
of a function, R(t), called the scale factor. The scale factor determines
the change in the coordinate distance of two fluid elements at any two
times. Let r (t) be the vector connecting elements A and B as a function-AB
of time; then
R(t2)
r (t ) -  r U1)
AB 2 R(ti) AB 
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The imposed assumptions make R(t) the only quantity necessary to determine
the dynamics of the model. These models are referred to as the Friedmann-
Robertson-Walker (FRW) models.
The Einstein equation for the scale factor is
" 8rG
R- = - p R- - k ,
3
(A.I.2)
where L is the mean mass density and k is the curvature constant. The
scale factor, R, has dimensions of length and is conventionally normalized
so that k = +1, 0, or -1. If the pressure, c, is relativistically
significant, the density and pressure are related by
-4--( - R3) 4 d (R3) = 0 .
dt dt
Taking an equation of state of the form
(-t-l)cc
2




The Friedmann k = o model is the critical case corresponding to a
"flat" three-dimensional hypersurface and is usually called the Einstein-
deSitter model. There is then a critical density, pc, associated with this
model given by,
•
H2(t) (!.)2 -g.73 0c (A.I.6)R' 
where H(t) is the Hubble expansion rate. The critical density today is
3H02
= - 
87G - 5.0 x 10-30 h2 gm cm-3,
given the Hubble value H
o 
= h x (50. km s-1 Mcc-1). Other Friedmann
model densities are parameterized with the density parameter, SI, by
=
During the present epoch it is clear that the bulk of the matter in
the universe is nonrelativistic and the y = 1 equation of state applies.
With this choice, equation (A.I.5) gives
-3R (A.I.7)
for the density scaling in the matter-dominated era. Taking Ro as the
value of the scale factor at the present epoch, the Einstein equation (A.I.2)






The solutions of this equation can be parametrically represented by
H
o




We seek a slightly easier form to work with during the earlier epochs.
Recent lines of evidence seem to point to a value of .-. of t 0.1. It
this is true, equation (A.I.8) indicates that the curvature term is larger
than the density term by = 9 time., but due to the scaling of the two terms
Ro
they are approximately equal at the epoch that -- t 9. For all earlier
times, the curvature term is negligible relative to the density term and the
model behaves essentially as the Einstein-deSitter model. Since it seems
likely that this epoch is about the latest that galaxies could have finished
their collapse phase, the earlier epochs of linear growth of perturbations
can be well treated by using the Einstein-deSitter model. The solution for
this model is particularly simple:
2
R(t) CT (A.I.10)
and R is dimensionless.
Observations appear to indicate that the universe is uniformly filled
with nearly blackbody radiation with a temperature, T
o 
= 2.7°K. As





Since this density decreases faster than the energy density of nonrelativistic
matter, there must have been an epoch when the two were equal. The density
at this epoch would be,
. ) 11 8 12o) r2.7 . = 3.9 x 10-18
eq 50 r.) gm cm-3'
5 ,and would occur at the temperature, Teq = 10 c.1C. Prior to this epoch,
the total energy density scales like the radiation and the solution of (A.1.2)
for k = o in this regime is,
R t .
It is clear from these considerations that at early enough epochs the
matter is ionized to a plasma state. A time of critical importance for
galaxy formation is the point at which the plasma "recombines" to a neutral
3?
gas state. Recombination occurs at a temperature of T
reC 
% 4 x 10 'K
R
and corresponds to an expansion today of  o % 1.5 x 10 relative to the
['CC
recombination era. This value for the relative expansion is determined by
considering the propagation of radiation in an expanding universe. As a
R2
photon propagates it becomes redshifted according to (1 + Z) Ri.
2,1
Since the present temperature is ... 2.7°K, it has been calculated
3'4 
that at
- 4000°K the temperature of the radiation is low enough and the expansion
rate is fast enough that the ions begin to recombine. The ratio 4000gives
2.7
the redshift of the photons in the Planck distribution and the above result.
We see from this that for radiation,
Ro
T(t) = To -1-i(t)
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APPENDIX II
MAGNETOHYDRODYNAMIC PERTURBATIONS IN AN EXPAND1N6
UNIVERSE WITH UNIFORM MAGNETIC FIELD
Chapter III has discussed the usual Newtonian perturbation
calculations for galaxy formation from small fluctuationq in the
primordial plasma. Here we present the details of the perturbation
calculation including the effect of the magnetic field. A mar,neth
field will evolve according to equation (11.13) in the absence of
diffusion and with the Friedmann velocity field (111.1) this reduces to
11 + 2—B i• 0
- R-
(A.11.1)
in the case of a homogeneous, unidirectional magnet it field. From this,






- 4. • (A.11.2)
which is clearly the expression oi flux conservation. The implicit
assumption of course is that the magnetic field does not alter the
dynamics of the cosmological model.
We now have the description of the unperturbed model and can use this
to determine the perturbation equations. There is now an extra term in
the Euler equation due to the J x B force and an extra equation from
varying the induction equation (I1.13). From equations (II.13), (11-15),
and (11.16) we derive the perturbation equations, Fourier transformed by
(111.10):
R_,4



















• (R,\3 ,P, so)
3
3 + 2-$ + it -1 (v • k )B - (3 • k )v = 0 ,
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As remarked before to close this set of equations one must assume
some equation of state of the form p = p(u). The first variation of this




where ,J is the sound velocity. Assuming an adiabatic equation of state













Equations (A.II.7) and (A.II.8) can be solved to give






for the gravitational acceleration, where 1(0 = 1(0 , The Lorentz force
1
term can be simplified by decomposing
(k x B ) x B = (B • k )3 - (B • B )k . (A.II.12)
o 1 o o 1 o 1 o
In the Fourier transform space, ko defines a direction, as does the
magnetic field, Bo. Projecting 1(0 onto Bo defines the direction cosine




o o o o
A third direction orthogonal to both 1(0 and 30 is defined by,







One can now decompose the vector quantities in equations (A.II.3-6)
in terms of this oblique basis. The components in this basis are
denoted by the subscripts B, k, j, illustrated in Figure 4.
With the aid of equations (A.II.9-14), the perturbation equations
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Equations (A.II.18) and (A.II.19) are uncoupled from the rest and
represent the rotational, or transverse, modes. We define a variable
- v, which in the non-magnetic case is a constant through theRo I
expansion and represents angular momentum consecration. In terms of this
variable, the rotational modes are determined by the equation,
;.2k 2B 2 „ 3
47% ° (%) = ° 
(A.II.21)
•






Using the dimensionless quantity, which we call the magnetic Jean's
parameter, defined by equation (1V.3), (A.II.21) reduces to,
2
" 2 •
r 0 . (A.II.22)
4 S
Figure 4. Coordinate system convenient for reduction of newtonian perturbation
equations: e
K 
and e are in direction of perturbation wave vector













We attempt a solution of the form rt and obtain,
2
aO-1) +, + o
3 36





and gives the time dependence C t
We now attempt to calculate the solutions for the compressional
modes. Two variables are defined to facilitate the calculation; 6 E
P
B113and are the density contrast and magnetic contrast, respectively.
In terms of these variables, equations (A.II.15-17,20) can be rewritten as
the coupled equations,
2 k2 2_2.,
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These equations contain both the effects of the magnetic field and pressure.
The general solution to these equations for arbitrary y appears
intractable. Mathematically, for irrational -y these equations have an
essential singularity at t = 0 which cannot be transformed away. However,
several special cases of particular physical interest can be solved exactly.
These correspond to
Case I:
= 0, y y
3' 3'
f = O. The zero pressure case, =
s 
= 0, gives for (A.II.24),






tan ip t 6
B
4 2 2 
(
2 2
26+ — sec :SB3t -B 36
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3
We attempt again a power law solution for these equations of the form
atn, = btm. Equations (A.I1.25,26) immediately imply n = m and





+ (- sec. - - 24n2 = 0
o = 4(1 t .1 + u) and ,
6
2 2 2 2
= 12 -sec /(12-kinsec
2




which yield four values for n for the four independent solutions of
(A.II.25,26). The ratio of the amplitudes of the density contrast and
magnetic contrast is fixed by,
2 2
a  tan_3, 
b 24-u
(A.II.31)
These solutions depend upon the magnetic Jean's parameter and the angle of
the mode relative to Bo. In Figure 3 these powers are drawn as a function
of n
2
. We discuss in the text the effect of the angular dependence. Note




= This case applies when the pressure is dominated by
2
u 2 k2,
radiation pressure. We define ,* s(o) 0  and in the case ,
(Y) 3
(6,70,00)'
the solutions are identical with those of ,( = 0 upon replacement of 2 by
3
The growth rates are then found from .•quation (A.II.29) with,
= 12 - 180
[4
'3
2 2 2 2 2 2- 1/2T-12sec
2






replacing (A.II.30). The amplitudes are again given by (A.II.31) but now
52
2with the results of (A.II.32). In the case of • -.- 0, this result is
identical with that found in Weinberg.
5
Case III: = J. 5y = - corresponds to the equation of state of a
3
non-relativistic, monoatomic, ideal gas which is expected to he the
condition of the gas shortly after recombination. Fractional powers now
appear in equations (A.11.23,24); however these may be removed by the
_1
transformation of time: s =3 t 7. The reason for this particular choice
(
5)
is that the equations will no longer admit power law solutions but must
be expressed as a Laurent series, due to the singularity at the origin,
t = 0. Equations (A.II.23,24) are transformed in terms of the new variable:









(6s-2 - 1)6 ,
(A. 11.33)
(A. 11.34)
where prime indicates differentiation with respect to s. The choice of
this particular power of t becomes transparent as it eliminates first
derivatives of 6 and
B
We now attempt a power series solution to these equations of the





be the ansatz. Upon substitution in (A.I1.33,34) these yield
n2 2(k + r)(k + - 1)ak + ak_2 - ak = tan '%)
n2 2
(k + P)(k + 3 - 1)bk + sec 4) bk = bak - ak_2 ,




eu — 1)a0 - 6a0 =
2





















Equation (A.II.41) has solution identical to that in the ) = 0 case,
equation (A.II.30):













and allows the following solution for 8:
= 1/2 ± VT:TT,
(A.II.30)
(A. 11.42)
These give four independent powers; 8 for i = 1,2,3,4. There are thus
















which determines the first term in all eight series, (A.II.35).




[(k+ i)(k+:i -1)1i(k+,--j)(k+8i -1)+(-L—)sec24,-61 -112
4 2
(A.II.43)
for k ' 2 using arbitrary starting values a
o
i
. The solution for the
density contrast can now be obtained in the form,
1 i
.i .




where the powers, t, are found from (A.II.42,30) and equation (A.II.43)
gives the coefficients. A similar equation can be obtained for ' (t).
One can see that the ) = 5 case is complicated. However, it is
3
interesting to note the asymptotic behavior of (A.II.44) as t
Because of the descending power series, the lowest order term gives
1 4
aoi 
(3,-; (5 ) t 3
which as can be noticed corresponds precisely to the four solutions in
the -v = 0 case given by (A.II.29,30). This follows from the fact that
while the Jean's criterion due to the gas pressure begins to affect
smaller scales as the expansion proceeds, the magnetic Jean's parameter
is time independent and affects a fixed largest length scale.





(2 - "sec2,) for .-. = A is asymptote n = --cos24, to which
- curve B approaches without crossing. C is asymptote to second
curve D. E and F are thus regions forbidden to n so that no
growth rate greater than t2/3 is allowed.
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7 aFigure 6. Behavior of A VS. n as root of the equation a- + - 6 = 0,
for 6 = p/36. A is 1-curve approaching asymptote B-curve
ci = 2cos
2
1./3. C is middle-range curve of (A. D marks the
complex root region of , for small-amplitude, highly
1oscillatory perturbations. E is lower asymptote a = - - 2cos
4 
/3
and F the lower range of :1. Again any growth rates greater than
2/3t are not allowed. This shows how the growth rates are
limited while varies from very small to very large, since
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